Existence of periodic solutions for an nth order differential equation with nonlinear restoring term and time-variable coefficients  by Andres, J
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 167, l-l 1 ( 1992) 
Existence of Periodic Solutions for 
an nth Order Differential Equation with 
Nonlinear Restoring Term and Time-Variable Coefficients 
J. ANDRES* 
Mathematical Institute, University of Utrecht, Utrecht, The Netherlands 
Submitted by Thomas S. Angel1 
Received March 5, 1990 
INTRODUCTION 
In this paper we are interested in the existence of w-periodic solutions to 
the equation 
n-1 
XC”) + 1 u,(t) xtn -j) + h(x) = p(t) @>3), (1) 
J=l 
where the coefficients u,(t)~C~((0,0)), K=max{[j/2], n-j-l} ([.I 
means “entiere”), as well as the forcing term p(t) E C( (0, 0)) are 
w-periodic everywhere, and the restoring term h(x) is continuously 
differentiable on the entire real axis. 
Such a problem has been studied for (mostly vector equations) (1) with 
constant coefficients by many authors (see, e.g., [l, 2, 5, 7-111 and the 
references included; for a large list of further references ee also [6]), but 
only a few results (see [3,4]) are related to the nth order differential 
equations with time-variable coefficients. Moreover, the equations treated 
in the last-cited papers are only linear [3] or quasi-linear [4] essentially. 
The common feature of papers [S, 7-111 consists (in the scalar case 
formulation) in the emphasis on relaxing the growth restrictions imposed 
on h(x) under the assumption that no root of the polynomial 
n-1 
is an integer multiple of 2ni/o. Although the periodic boundary value 
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problem for the equation at resonance has been solved in [ 111 and (in the 
vector case again) in [ 11, the presence of time-variable coefficients in ( 1) 
requires a quite different type of restrictions on them. Those can be 
expressed, for example (when following the approach of [4]), as 
;;: llaj(~)ll(~)i (“)” + SUP Ih'(x)l 271 < 1, 
XER’ 
or (cf. [2]), for the exceptional case of constant coefficients in (l), as 
( - lYU2k 3 0 for k= 1, . . . . [$(n- l)]. 
Hence, our purpose here is to generalize both inequalities above in a 
manner similar to that of [3], where one uses the rather complicated iden- 
tity, obtained after integration by parts of the terms of the linear equation 
multiplied by an o-periodic solution of (1). All the integrands of this 
integral identity contain, besides the (derived) coefficients, the squared 
solution and its derivatives, only. Although one could arrive at the 
analogous relation, when multiplying (1) by the n th derivative of its 
w-periodic solution, instead of a solution itself, and applying the same 
integration technique which has an iterative process character (see below), 
we employ only the first iterate. 
PRELIMINARIES AND NOTATION 
The existence of an o-periodic solution to (1) will be proved by means 
of the following standard version (cf., e.g., [7,8]) of the Leray-Schauder 
alternative. 
PROPOSITION. Equation (1) admits an w-periodic solution, provided all 
solutions and their derivates up to the (n - 1)st order, including, of the 
problem 
n-l 
x(n)+p 1 aj(t)X+j’ +/4x)+ (1 -PLcx=w(~), PEE07 1) (1,) 
j= 1 
x"'(0) = x(')(o) 3 i=O, l,...,n-1 (2) 
are uniformly a priori bounded, independently of p E (0, 1 >, while all roots of 
the binomial 1” + c with a suitable real c differ from all integer multiples of 
27ci/o. 
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Remark 1. One can readily check that the latter assumption can always 
be satisfied for a sufficiently small ICI # 0. 
The a priori boundedness required will be verified by means of the well- 
known Schwarz inequality together with the Wirtinger inequality (cf. 
[2,4] and the references included) for &-estimates, namely 
s 
(U~~*)2(t)dt~~2m~~~~~~+mi2(t)dt IV=;, 
0 
where 1 <k<k+m<n. 
Furthermore, it is convenient o introduce the following notation: 
M := [(n - 1)/2] for an integer part of (n - 1)/2, 
j$r.= M+1 
. i 
for n even 
M-l for n odd, 
A0 := IEy;;,(- 1Y(a2df) + $(M- 1) 4dt)), 
A, :=tEy;=> ~(-1)“{a;M+2(t)+Ma;‘,(t)), 
A2 := ,Ey;;,ia2(t) + ~a~(~))~ 
A2r:=,EIgi~~(-l)r+‘{a~~(f)+fa~~-I(t)+f(r- l)aL,(t)) 
for r=2, . . . . M- 1, (M), 
A” := max Ia!$(t)\ k 
fE <o,w> 
for s, k = 1, . . . . M- 1, (M), 
for u = 2, . . . . s, s = 2, . . . . M- 1, (AI), 
p := ,,n=> IP(t 
The constant with the index “+,” say A+, means that 
(3) 
A+ := 
A for A>0 
0 for AGO. 
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GROWTH RESTRICTIONS 
Taking into account the symbols M, N from above, we can give almost 
immediately 
LEMMA 1. For every solution x(t) of (l,)-(2) the following identity is 
satisfied. 
a,,(t)x’“pkJ2dt+k t (-1)Pj~a$p,(t)x(n--p)2dt 
p=l 
+ E (_ l)k 5 a:~‘(t)x’“~k-m)X(n~k) dt 
k=l m=l 
+ 2 (-l)(PP’) a14,r:)X(n-p-4+l)X(n~P+l) dt. (4) 
p=2 
Proof: Let x(t) be a solution of (l,)-(2). Using integration by parts 
and the well-known Leibniz formula for the higher order derivatives of the 
functions product, we have 
s 0 0 u,,(t)~(.~‘~)x(“)dt=(-l)~j~ [a2k(t)x(“-2k)](k)X(n--k)dt 
= (- l)k jr a,,(t) xcnpk)* dt 
for k = 1, . . . . M, and 
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for p = 1, . . . . N. Summarizing these particular identities, we come to the 
relation above. 
The parity of the order n will be distinguished as follows. 
LEMMA 2. If n is even, then the inequality (w = 4271) 
-1:: j: a,(t) x(“-j)x(“) dt 
M M s 
< A;w2+ c A,:w~‘+A,w’~+~+ 1 1 B;w*~+’ 
r=2 s=2 u=2 
+ 5 A;,+,w~~+‘+~~ (5) 
s=l s=2 
takes place for every solution x(t) of ( l.)-(2). 
Proof Rearranging the terms in (4), we arrive at 
1:: Jbw aj( t) x(“-j)x(“) dt 
w 
=-J i 0 
a2(t)+ta;(t) x(“p2)2dt 
I 
+~~2(-l)r~~{a2,(t)+~a~,~~(t)~(r-l)a~~~2(t)}x~”.“dt 
-i(-l)“jI {a;M+l(t)+Ma;M(t)}x(“-M-1)2dt 
+sg2(-l)s;2 jr {($w~ 
+ ( ui 1> a&;:)(t)} xC”-s~u)x(“~s) dt 
+sE, (-1)“J1:a::)+I(t)x(n~2~~1)x(.s)dt 
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Using the notation from above, we get furthermore that 
+ t A;,Y+, jr Ix(~~~~‘+“x(~-~‘J dt 
s=l 
+;c2’ (srl) A;,‘+, jr Ix(“~“‘~s’x(“-m’l dt. 
Still applying the well-known Schwarz inequality and (3), we obtain the 
desired inequality (5). 
LEMMA 3. If n is od, then the inequality (w = 0.427~) 
n-1 
- j;, a,(t) x(~-~‘x(~’ dt 
M-I M-1 3 
A;w’+ 1 A,+,w2’+Ao+wZM+ 1 1 B;w~~+” 
r=2 s=2 u=2 
M-l 
+ c A;s+,~3S+1+ 1 
s=l 
$1, (;) A;,rC.2M+“} j;x’“12dt (6) 
takes place for every solution x(t) of ( l,)-(2). 
Proo$ Rearranging the terms in (4), we arrive at 
1;: j: ai x(“pJ’x(“‘dt 
- 
+(-I)” jo~{a2M(r)+f(M-l)a~M-2(r) x(” ~ M’2 dt 
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+ ;-fll (- 1)” j; a~)+,X(4+1)X(-S) dt 
a$( t) x (n-M--s)X(n--M) dt. 
Using the notation above, we get furthermore that 
+Aojwx(“-M’2df+Mf1 i B:j; IX(n-s-u)X(“-~~ dt 
0 s=2 u=2 
IX(“-M-dX(-M)( dt. 
Still applying the well-known Schwarz inequality and (3), we obtain the 
desired inequality (6). 
Thus, we are ready to estimate the derivatives, as required in the 
proposition. 
LEMMA 4. Zf a positive constant H’ exists such that 
Ih’(x)l $ H’ for all x 
and 
o<sz:= Qe 
for n even 
Qo for n odd, 
(7) 
(8) 
8 J. ANDRES 
where (1%‘ = o/Zrc), 
(9) 
i 
n/2 ~ 3,l2 
52,:~ l-,+,2- c A,:W2’-A~wu’” 1 
r=2 
n/2- 312 s 
-HHIW”- 1 1 Blf++” 
s=2 u=2 
then the derivatives up to the (n - 1)st order, including, of all solutions of 
(l,)-(Z) are unifromly a priori bounded. 
Proof Again let x(t) be a solution of (l,)(2). Substituting x(t) into 
(l,), multiplying the identity obtained by x(“‘(t), and integrating it from 0 
to o, we obtain by means of (5), (6) that (cf. (8)-(10)) 
(Q + H’w”) IOU xCnJ2 dt 
< w h’(x) x’x(+ ‘) dr + Ic,I J; x(“‘~)~ dt + /i”’ p(t) xCn) dti, 
0 
where 
c for n even 
c, := 
0 for n odd, 
when using integration by parts in the right-hand side of the last inequality, 
only. Still applying (7), (8), and the Schwarz inequality together with (3), 
we get 
i.e., 
x’““dt<P& jw [ o x(“j2 dt]“’ 
s 
o x(“j2 dt d (wP2/Q) + E := D;(E) 
0 
(11) 
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with a suitable positive constant E, when choosing sufficiently small 1 cl # 0 
(see Remark 1). 
Since points tin (0, w), j = 1, . . . . IZ - 1, exist according to Rolle’s theorem 
such that xCi)( ti) = 0, and consequently 
,(j)(t) = 1’ x(j+ 1)(s) ds for j= 1, . . . . il - 1, 
!, 
we obtain by means of the Schwarz inequality and (3) that 
Ix (j+‘)(t)1 dt <,/‘& jOw x(j+‘J2(t) dt]1’2 
i.e. (cf. (1 1 )), 
Ix”‘(t)1 <&w”-j-‘(D,+E) :=w(&) for j= 1, . . . . n- 1, (12) 
by which the proof is completed. 
Remark 2. For (1) with constant coefficients conditions @-(lo) 
reduce to 
C(n ~ 1)/21 
x, (l-1) r+1a2,)+W2r+H’w”< 1. 
EXISTENCE RESULT 
Now, we can give the principal result of our paper. 
THEOREM. Let assumptions (7) and (8) ( see also (9), (10)) be satisfied. Zf 
furthermore a positive constant R exists such that 
[h(x)-Ajyp(t)dt]sgnx>h 
or [h(x)-Aj:p(t)dt]sgnni-h for Ixl>R, (13) 
10 
where 
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h := Co(w/271)“~ ‘P/R, 
C:= max ,t<O~u> y (-l)“-‘- I.jR-’ 1)(1)1, 
j= 1 
then Eq. (1) admits an w-periodic solution. 
Proof: It is clear that for a sufficiently small ICI #O condition (13) 
remains valid with h determined by constants D,(E) and D’(E) from (1 1 ), 
(12), namely CDr(.s), as well. 
Furthermore, the identity 
holding for a solution x(t) of (l,)-(2), can be applied. 
Hence, integrating the identity obtained from (1 P) after the substitution 
of x(t), multiplying it by sgn X, and choosing c in order c[h(x)- 
(l/o) jt p(t) dt]x > 0 to be valid for 1x1 > R, we would come by (12) for 
ml% <o,c,~,> I-dt)l> R to 
h(x)+- jr p(t) dt dt 
‘f’ (-I).~‘~‘j~a~“-‘-“(t)l Ix’1 dt<jwCD1(E) 1x1 dt, 
j= 1 0 0 
a contradiction to (13). Therefore, min,, <o,,>lx(t)l <R, and consequently 
(cf. (3), (11)) 
(x(t)1 6 R + joW Ix’(t)1 dt < R + J’& {j; x’*(t) dt)‘;’ 
< R + &w”- ’ D,(E). 
This completes the proof, when applying the proposition, Remark 1, and 
Lemma 4. 
Remark 3. For (1) with constant coefficients condition (13) can 
evidently be reduced to the condition with h = 0. 
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CONCLUDING REMARKS 
By taking into account Remarks 2 and 3, our growth restrictions 
imposed on h(x), namely 
2 
sup I/l’(x)l < $ ) 
xeR’ ( > 
can be easily replaced, under a slight modification of the approach above, 
by the boundedness requirement of h(x); in [2] the existence of 
lim Ih(x)l < co 
IX - cc 
has been assumed. 
Although the theorem, related to the linear equation (1) with h(x) = cx, 
generalizes also its analogy to [4], the same is not true for [3]. 
Nevertheless, the statement in [3] cannot be trivially extended to the non- 
linear equation (1) either. 
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